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Abstract

We consider games in which players have asymmetric information about
the state of the world, and each player tries to guess what the true state
is. Guessing correctly yields a prize, which is shared among the players
who guessed correctly, if there is more than one. Therefore, players have
an incentive to differ in their actions. We ask to what extent collisions
can be avoided in equilibrium. We give exact answers for some special
information structures, and a lower bound for the general case.

Keywords: incomplete information, partitions, collisions, social payoff, differ-
entiation, hat puzzles.

1 Introduction

Consider the following situation: two players sit in separate rooms, where they
each flip a coin and observe the outcome. Then both guess what the outcome
of the coin flip in the other room was. If both of them guess correctly they get
half a dollar each; if only one of them is right, she gets the dollar; and if both
are wrong, both get nothing. Suppose first that both players make a random
guess. Then a player’s expected payoff is 3/8 (with probability 1/4 she gets
a dollar, with probability 1/4 she gets half, and with probability 1/2 she gets
nothing). We allow the players to agree on their strategies beforehand. Can
they do better?1

The answer is that, perhaps surprisingly, they can. Suppose Player 1 guesses
that the other coin landed the same as her own coin, and Player 2 guesses that
the other coin landed differently than her own coin. Then whenever Player 1 is
right Player 2 is wrong, and vice versa. Therefore, each player wins the dollar
with probability 1/2, and they never have to share. Note that this is the best
that a player can hope for under any pair of strategies, since her prospects are
as good as they would have been if the other player was not there at all to
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1 We thank Sergiu Hart, who brought a variant of this puzzle to our attention.
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compete for the dollar. In particular, no player has an incentive to deviate, i.e.,
this pair of strategies (let us call them σ1 and σ2) is an equilibrium.

Of course (σ1, σ2) also maximizes the expected social payoff, i.e., the sum
of their expected payoffs. Note that the fact that they never share the dollar
implies that one of them always wins the dollar. Hence, the sum of their payoffs
is always one dollar.

The underlying principle in the two-coin and other known puzzles2 is that
it is socially preferable to “separate successes,” i.e., when one player succeeds
the others should fail. If there is an event in which more than one player
succeeds, then there may be another event in which no one succeeds, hence this
is “wasteful” and should be avoided when possible.

The two-coin game is an instance of our model, which we call differentiation
games. These are games where players have private information which they are
unable to share with each other, and the above principle holds. The question,
then, is to what extent can successes be separated.

To introduce our model, let us see how the information in the two-coin game
can be be represented by partitions (as in Aumann, 1976). There are four
possible “states of the world”, one for each possible pair of outcomes of the
coin flips in rooms 1 and 2. I.e., Ω = {H,T} × {H,T} is the set of states,
where H and T stand for Heads and Tails. The partition of Ω that is associated
with Player 1 consists of two elements (we call these elements “cells”): one cell
{(H,H), (H,T )} contains the states in which the coin flip outcome in room 1 is
H, and the other cell {(T,H), (T, T )} contains the states in which the outcome
in room 1 is T . Player 1 knows what the outcome in room 1 is, hence she knows
which one of her cells contains the true state of the world. Within that cell,
she does not know which of the two states is the true one. Her action in the
game is choosing one of the states within that cell, which amounts to guessing
the outcome of the coin in room 2.

Similarly, the partition of Player 2 consists of two cells, {(H,H), (T,H)} and
{(H,T ), (T, T )}; she knows which of these cells contains the true state of the
world, and she chooses a state within that cell.

A player gets the dollar if she chooses the true state of the world, unless both
players choose the true state and then they share the dollar. The strategy σ1

chooses the state (H,H) within Player 1’s first cell {(H,H), (H,T )} and chooses
(T, T ) within her second cell; and σ2 chooses (T,H) within Player 2’s first cell
and (H,T ) within her second cell. Thus, the two players never “collide”, namely
they never choose the same state.

In our model of differentiation games there are n players, and a finite set Ω
of states. Nature randomly chooses one of them, “the true state of the world,”
with uniform probability over Ω. Each player is associated with a partition of
Ω, and her private information consists of the cell of her partition that contains
the true state of the world. Thus, each player knows that the true state is within
a subset of Ω, yet that subset may differ from one player to the next.

Each player chooses one state within her subset. A dollar is equally shared

2see Section 4.1
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between the players who choose the true state, if there are such players; other
states yield nothing.

We ask to what extent collisions (i.e., players choosing the same state) can
be avoided in equilibrium.

Example 1.1. Consider the game depicted in Figure 1. There are two players

︷︸︸︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
a b c d e f︸ ︷︷ ︸ ︸ ︷︷ ︸

Figure 1: Two-player Game

and six states, denoted a, b, c, d, e, f . Player 1’s partition, represented by the
curly brackets above the states, consists of three cells, {a}, {b, c}, and {d, e, f}.
Player 2’s partition, represented by the curly brackets below the states, consists
of two cells, {a, b} and {c, d, e, f}.

A player’s strategy chooses one state within every cell in her partition. For
example, the strategy of Player 1 depicted in Figure 2 chooses a within the cell

︷︸︸︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
1 2 1 2 1︸ ︷︷ ︸ ︸ ︷︷ ︸

Figure 2: A Pair of Strategies

{a}, c within {b, c}, and f within {d, e, f}. Player 2 chooses b within {a, b}, and
e within {c, d, e, f}.

If, for example, the true state of the world is c, then Player 1 knows that
the true state is either b or c, and Player 2 knows that it is either c, d, e, or f .
Player 1 chooses c and gets a dollar. Player 2 chooses e and gets nothing.

Overall, Player 1 gets a dollar in three out of the six states, and Player
2 gets a dollar in two states. Therefore, Player 1’s expected payoff is 1/2 and
Player 2’s expected payoff is 1/3. The expected social payoff is 5/6. The players
never collide; hence they never share the dollar. This implies that this pair of
strategies (1) is an equilibrium, and (2) yields the socially optimal payoff, i.e.,
no pair of strategies yields a higher expected social payoff.

In general, unlike in Example 1.1 and the two-coin game, collisions may
be unavoidable. The socially optimal payoff is attained by strategy profiles
that minimize the waste of collisions. We show (Theorem 3.1) that in any
differentiation game, not just in games in which collisions can be avoided, the
socially optimal payoff is attained by some (pure) equilibrium.

Our main result gives a lower bound for the socially optimal payoff. The
bound is in terms of a property of states we call “visibility,” which is an aggregate
measure of the accuracy of information in a state. In particular, this result
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implies that if the visibility of all states is at least one then the socially optimal
payoff equals one, and if the visibility of all states is at most one then collisions
can be avoided.

We then show how in cases where there is some regularity in the size of the
cells, our bound allows us to pin down the socially optimal payoff. Another
special case is where players’ information is independent: in any “reasonable”
game of this kind, collisions can be avoided.

Our simple model can be extended in several natural ways, most of which
make the analysis more complicated. For example, if Nature’s probability over
states is not uniform, then there need not exist an equilibrium that yields the
socially optimal payoff; see Section 4.2.

Economic Motivation and Related Literature. Differentiation games are
a simple model of situations where players have an incentive to differ from each
other, and have asymmetric information about which choices could be good
and which could not. For example, consider a group of scientists who are each
about to start working on a new project, and not communicating their plans
to each other. Each one of them may prefer to choose a project not chosen by
the others, and may have her own assessment of the “worthiness” of candidate
projects. Will the scientists all choose the same project? Will they all choose
differently? The answer of course depends on the kind of information they have.

Chen et al. (2015) study such a scenario of privately informed scientists who
choose projects. Their model is actually essentially equivalent to ours, except
that they allow the players to choose again if none of them were previously
successful. However, they ask completely different questions, since what they
look for is a mechanism that is “fair” and allows the players to share their
information.

Kleinberg and Oren (2011) study mechanisms of allocating credit to sci-
entists for research they performed. The scientists do not have asymmetric
information, though. In papers that study competitive search games (e.g., Fer-
shtman and Rubinstein, 1997) players may have an incentive not to search the
same spot simultaneously, but, again, there is no asymmetric information. Also,
the feasible search procedure may be dynamic and quite involved. Finally, we
mention the many papers highlighting the role of differentiation in industrial
organization settings, e.g., Gilbert and Matutes (1993) and Katz (1984).

The rest of the paper is organized as follows. Section 2 contains the model,
and Section 3 the results. Section 4 discusses possible extensions of our model,
and also explains how, besides the two-coin puzzle, some other popular puzzles
about information (sometimes called “hat puzzles”) can be formulated as differ-
entiation games. Section 5 contains the proofs, except for very short ones which
are given on the spot.
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2 Model

Let N be the set of players, n = |N |, and let Ω be a finite set of states. Nature
randomly chooses one state, the true state of the world, with uniform proba-
bility over Ω (in other words, the common prior of the players is the uniform
probability over Ω).

The private information of players is represented by partitions (see, e.g.,
Aumann, 1976): for each player i there is a partition Πi of Ω, namely, a list of
disjoint subsets of Ω whose union is the whole Ω. We refer to the elements of
player i’s partition (i.e., the subsets) as player i’s cells. When the true state of
the world is ω ∈ Ω, player i knows that the true state is one of the states in
Pi(ω), which is the cell of Πi that includes3 ω.

Each player chooses a state; i.e., her set of actions is Ω. Therefore, a pure
strategy of player i is a function σi : Πi → Ω from i’s cells to states. W.l.o.g.
we assume that for every cell π ∈ Πi, σi(π) ∈ π (player i knows that the true
state is within the cell π, and would be foolish to choose anything outside π).
Similarly, a mixed strategy of player i is a function σi : Πi → ∆(Ω) from i’s cells
to probability distributions over states, where for every π ∈ Πi, σi(π) ∈ ∆(π).

The payoff of a player is 1/m if the state she chose is the true state of the
world, where m is the overall number of players who chose that state; and 0 if
she chose a different state.

A strategy profile σ = (σ1, . . . , σn) is an equilibrium if for any player i and
any cell π ∈ Πi, player i’s expected payoff does not strictly increase by altering
σi(π), given that every other player j 6= i sticks to σj .

2.1 Collisions and social payoff

The social payoff is the sum of players’ payoffs. It equals 1 if the dollar is
retrieved (i.e., at least one player chose the true state), and 0 otherwise. There-
fore, the expected social payoff equals the probability that the dollar is retrieved.
The socially optimal payoff is the maximum of the expected social payoff over
all strategy profiles.

Player i’s strategy σi chooses one state within every cell. Let π ∈ Πi be a
cell and ω = σi(π) be the state she chooses within that cell. Note that when
the true state happens to be this ω then indeed she chooses ω (because when
the true state is ω she knows that the true state is within the cell that contains
ω, which is the cell we called π, and within π her strategy chooses ω). Thus,
in every cell π ∈ Πi there is one state in which player i is going to be right.
Since the prior is uniform, her overall probability of choosing the true state is
|Πi| / |Ω|, where |Πi| is the number of cells in her partition.

Suppose, for a moment, that player i is the only player. Then her overall
probability of getting a dollar is |Πi| / |Ω|. This, then, is her expected payoff,
no matter what her strategy σi is.

3As is usual in such models, the partitions themselves are common knowledge among all
players.
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Let us turn back to our game, where player i is not the only player. She can
only lose from the presence of other players, because she may have to share the
dollar.

Definition 2.1. A profile σ = (σ1, . . . , σn) of pure strategies is collision-free if
for any two players i, j and any πi ∈ Πi, πj ∈ Πj , we have σi(πi) 6= σj(πj). A
game is collision-free if it admits a collision-free profile of strategies.

In words, σ is collision-free if no two players ever choose the same state.
Suppose that our game admits a collision-free profile σ. Under σ, the ex-

pected payoff of player i equals |Πi| / |Ω|, the same as if she were alone. This is
as high as her expected payoff under any strategy profile. Hence, in particular,
σ is an equilibrium. The expected social payoff under σ equals

∑n
i=1 |Πi| / |Ω|,

which is definitely the socially optimal payoff of the game.
In general, the game need not be collision-free. In a non-collision-free game,

the socially optimal payoff is strictly less4 than
∑n
i=1 |Πi| / |Ω|. It is attained in

strategy profiles that minimize collisions.

3 Results

3.1 Socially optimal equilibria

There exists an equilibrium that yields the socially optimal payoff in any game,
not just in collision-free games.

Theorem 3.1. In any game, the socially optimal payoff is supported by a pure
equilibrium.

Still, not all equilibria yield the socially optimal payoff. Consider the game
of Example 1.1. In Figure 2 we saw an equilibrium yielding an expected social
payoff of 5/6, which is the socially optimal payoff. Figure 3 depicts an equilib-

︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
1, 2 1 2 1︸ ︷︷ ︸ ︸ ︷︷ ︸

Figure 3: A Non-Optimal Equilibrium

rium yielding only 4/6. Under this equilibrium, the two players share the dollar
when the state of the world is a.

Player 2 chooses a within the cell {a, b}, and she cannot improve upon this
choice, since switching to b results in the two players colliding in b. Within the
cell {a} Player 1 cannot switch: a is her only choice. There are no collisions
within other cells of either player; hence switching in those cells cannot improve
a player’s payoff. Therefore, this strategy profile is indeed an equilibrium.

4 This does not mean that, for example, refining a partition is bad for the social payoff.
Although a refinement may increase the chances of a collision, it can never decrease the socially
optimal payoff.
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3.2 Main result

Definition 3.2. The visibility of a state ω ∈ Ω, denoted v(ω), is defined by

v(ω) =
∑
i∈N

1/ |Pi(ω)| .

When the state of the world is ω, the posterior belief of player i, after she
has learned her information, is a uniform probability over Pi(ω). Therefore,
v(ω) is the sum of the posterior probabilities that players assign to ω being the
state of the world, when the true state is5 indeed ω. Thus, v(ω) is an aggregate
measure of the accuracy of the information the players have when ω is the true
state. Visibility is a local property of ω, in the sense that it depends only on
cells that contain ω.

Theorem 3.3. The socially optimal payoff is at least∑
ω∈Ω

min {v(ω), 1} / |Ω| .

The visibility values in the game of Example 1.1 are presented in Figure 4.
For instance, the state a is contained in P1(a) = {a} and P2(a) = {a, b}; hence

︷︸︸︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
3
2 1 3

4
7
12

7
12

7
12︸ ︷︷ ︸ ︸ ︷︷ ︸

Figure 4: Visibilities

v(a) = 1/1 + 1/2 = 3/2. Theorem 3.3 tells us that the socially optimal payoff
is at least (1 + 1 + 3/4 + 7/12 + 7/12 + 7/12)/6 = (9/2)/6 = 3/4.

By the way, we can deduce the exact socially optimal payoff in this example:
there are six states; hence it must be an integer multiple of 1/6. Therefore,
being at least 3/4 implies that it is at least 5/6. On the other hand, 5/6 is
what you get if collisions are completely avoided. Hence, the socially optimal
payoff equals 5/6 and the game is collision-free (as we have already seen in the
Introduction).

Corollary 3.4.

(i) If v(ω) ≥ 1 for every ω ∈ Ω then the socially optimal payoff equals one.

(ii) If v(ω) ≤ 1 for every ω ∈ Ω then the game is collision-free.

Recall from Section 2.1 that
∑n
i=1 |Πi| / |Ω| is an upper bound of the socially

optimal payoff, achieved if and only if the game is collision-free. We note that
the sum of visibilities equals the number of cells:

5 Equivalently, v(ω) is the expected number of times that ω would have been chosen, had
the players chosen uniformly at random within every cell and ω been the true state.
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Observation 3.5.
∑
ω∈Ω v(ω) =

∑n
i=1 |Πi|.

Proof. By definition,
∑
ω∈Ω v(ω) =

∑
ω∈Ω

∑n
i=1 1/ |Pi(ω)|. Every cell π ∈ Πi of

every player i appears |π| times in this sum, one time for each state within π
(i.e., each state ω such that Pi(ω) = π). Each of these times the cell contributes
1/ |π| to the sum. Therefore, π’s total contribution is one; hence this sum equals
the number of cells

∑n
i=1 |Πi|.

Proof of Corollary 3.4. (i) By Theorem 3.3, the socially optimal payoff is at
least

∑
ω∈Ω 1/ |Ω| = 1.

(ii) By Theorem 3.3, the socially optimal payoff is at least
∑
ω∈Ω v(ω)/ |Ω|.

Hence, by Observation 3.5, the socially optimal payoff is at least
∑n
i=1 |Πi| / |Ω|.

Since this is an upper bound, this must be exactly the socially optimal payoff,
and the game is collision-free.

3.3 Special cases

We now consider a few special cases where there is some regularity in the size
of cells that allows us to pin down the socially optimal payoff as a corollary of
the main result.

Proposition 3.6. For any k, if there are at least k players whose cells are at
most of size k, then the socially optimal payoff equals one.

A simple case is k = 1; i.e., there is a player whose every cell consists of
a single state. This player always chooses the true state; hence the socially
optimal payoff is one.

Proof. Let K ⊆ N be a set of k players with cells of size ≤ k. For any ω ∈ Ω,
v(ω) ≥

∑
i∈K 1/Pi(ω) ≥

∑
i∈K 1/k = 1. By Corollary 3.4(i), the socially

optimal payoff is one.

Proposition 3.7. If all cells of all players are at least of size n, then the game
is collision-free.

Proof. For any ω ∈ Ω, v(ω) ≤
∑n
i=1 1/n = 1. By Corollary 3.4(ii), the game is

collision-free.

Proposition 3.8. If every player i has cells of uniform size di, then the socially
optimal payoff equals min {1 ,

∑n
i=1 1/di}.

Proof. The uniformity means that for every ω ∈ Ω, v(ω) =
∑n
i=1 1/di. Denote

this number by α. If α > 1, then by Corollary 3.4(i) the socially optimal payoff
is one.

If α ≤ 1, then by Corollary 3.4(ii) the game is collision-free; hence the
socially optimal payoff is

∑n
i=1 |Πi| / |Ω|, which, by Observation 3.5, equals∑

ω∈Ω v(ω)/ |Ω| = (|Ω| · α)/ |Ω| = α.

The following claim is an instance of all three propositions above.

Corollary 3.9. If all cells of all players are of size n, then the game is collision-
free and the socially optimal payoff is one.
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3.3.1 Independent signals

We now consider another kind of special case, that of games in which the sig-
nals of all players are mutually independent. We will see that such games are
“normally” collision-free.

The signal of player i, in our terminology, is simply the cell of i’s partition
that contains the true state of the world. I.e., the signal is the random variable
Pi which is defined over the space Ω and whose range is the cells of i’s partition.

Example 3.10. In the game depicted in Figure 5 there are two players, and

L R
T 1 2
B 2 1

Figure 5: Independent Signals

Ω is a 2 × 2 matrix. Player 1’s partition consists of the rows, i.e., one cell of
1 is the row T = {(T, L), (T,R)} and the other cell is the row B. Player 2’s
partition consists of the columns.

The figure also depicts a collision-free pair of strategies, where Player 1
chooses the state (T, L) in row T , Player 2 chooses (B,L) in column L, etc.6

Incidentally, collision-freeness is guaranteed by Corollary 3.9, but the point
we are making here is that the game exhibits independence of signals: the
probability of row T is 1/2 given that the column is L, and likewise it is 1/2
given that the column is R. Similarly, the probability of any column is the
same within any row. That is, the rows and columns, namely P1 and P2, are
independent.

We say that the signals of n players are mutually independent if the prob-
ability of a profile of cells is the product of the marginal probabilities, i.e., for
any profile of cells (π1, . . . , πn) ∈ Π1 × . . . × Πn, P(π1, . . . , πn) =

∏n
i=1 P(πi).

Since the prior is uniform, this condition on probabilities is equivalent to

|∩ni=1πi| / |Ω| = |π1| . . . |πn| / |Ω|n . (1)

If Ω is an n-dimensional matrix and player i knows the i-th coordinate, as
in Example 3.10, then the players’ signals are mutually independent. Mutu-
ally independent signals need not be of this form, however, as the following
game shows. There are two players, and Ω = {1, . . . , 10}. The first player
has two cells: one contains the odd numbers and the other contains the evens.
The second player has two cells: one is {1, . . . , 4} and the other is {5, . . . , 10}.
Equation (1) is easily verified.

Proposition 3.11. If signals are mutually independent then the socially optimal
payoff equals min {1 ,

∑n
i=1 |Πi| / |Ω|}.

6 The reader may note that by relabeling the rows and columns as H and T we get the two-
coin game, and then the pair of strategies in Figure 5 is the pair described in the Introduction.
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Note that the RHS of Equation (1) cannot be zero. Therefore, mutual
independence of signals implies that every profile of cells (π1, . . . , πn) ∈ Π1 ×
. . .× Πn has a nonempty intersection. Proposition 3.11, then, follows from the
following more general claim.

Proposition 3.12. If every profile of cells has a nonempty intersection, then
the socially optimal payoff equals min {1 ,

∑n
i=1 |Πi| / |Ω|}.

In particular, such games are collision-free if and only if
∑n
i=1 |Πi| ≤ |Ω|. Yet,

the nonempty intersection property also implies that |Ω| is at least
∏n
i=1 |Πi|.

Therefore, if collision-freeness does not obtain then there must be relatively
many players with trivial information, i.e., players whose partition consists of a
single cell.

4 Remarks

A common knowledge component of Ω is a minimal subset D ⊆ Ω such that
for any player i and any ω ∈ D, Pi(ω) ⊆ D. Thus, the event D is common
knowledge among the players at any state ω ∈ D (Aumann, 1976). Clearly, our
results hold for any common knowledge component of Ω by itself, since one can
think of each component as a separate game, unrelated to the rest of Ω.

4.1 Puzzles

Some popular puzzles about information, sometimes called “hat puzzles,” ex-
hibit the principle of “separating successes.” These puzzles can be formulated
as differentiation games, and one example we already saw is the two-coin puzzle.
As it was originally related to us, the two-coin story actually had no individual
payoffs: the two players were working as a team, and the team succeeds if at
least one of the players guesses correctly. Still, our formulation of the puzzle as
a differentiation game remains true to the story as long as the social payoff is
the same, especially in view of Theorem 3.1.

The following known puzzle is an extension of the two-coin puzzle. There
are n agents, each wearing a hat whose color is one of n given colors (different
hats may be the same color). An agent observes the colors of all hats but her
own, and has to guess what her own color is. Again, they work as a team, and
have agreed on their strategies beforehand. They succeed if at least one of them
guesses correctly. Can they guarantee success?7

Let us present this as a differentiation game. Every possible list of n colors is
a state; hence Ω has nn states. In a player’s partition, every cell contains n states
that differ only in her own color (i.e., there is one cell for every combination of

7 The relation to the two-coin puzzle may be obscured by the wording, as there an agent
observes only her own item, while here she observes everything but her own item. What
really matters, though, is that in both puzzles there is exactly one item that an agent does
not observe. We could as well have said that an agent does not observe her own coin but does
observe the coin in the other room.

10



n− 1 colors of the others). She saw all the other hats; hence she knows the cell
that contains the true state of the world. She chooses a state within that cell,
which amounts to guessing the color of her own hat. The players who guess the
true state, if there are any, share the dollar.

By Corollary 3.9, the game is collision-free and the socially optimal payoff
is one. Thus, the team in the puzzle can guarantee success.8

The two-coin puzzle can also be extended to n agents in a different way:
each agent observes only the coin she flipped, and has to guess the outcome of
all the other coins. What is the highest probability of success, namely, that at
least one of them guesses correctly?

In the corresponding game, Ω = {H,T}n. It is an n-dimensional matrix, and
each player knows one coordinate; therefore, signals are mutually independent.
By Proposition 3.11, the game is collision-free. With two cells for each player,
the socially optimal payoff is, therefore, 2n/2n (e.g., for n = 3 the probability
is 3/4).

4.2 Extensions

Our model can be extended in several natural ways. One is not to assume that
the common prior is a uniform probability. Then any result that guaranteed
a socially optimal payoff of one still holds. Likewise, results about collision-
freeness still hold, but note that different collision-free strategy profiles may
yield different social payoffs. Also, the socially optimal payoff may not be sup-
ported by an equilibrium; i.e., Theorem 3.1 may fail. For example, suppose
Ω =

{
ω1, ω2

}
, and there are two players, who have trivial information, i.e., just

one cell in their partition. Let the prior probability be 0.7 for ω1 and 0.3 for
ω2. Then the only equilibrium is both players choosing ω1, which is not socially
optimal.

We may keep the uniform probability, but modify the payoff function. Sup-
pose the dollar is not always equally shared between those who choose the true
state, but rather the way it is shared may depend on the individual identity of
the players, and even on the state. Then the social payoff is still the same as in
the original payoff; hence, all results about the social payoff hold. Again, Theo-
rem 3.1 may fail. A simple case where Theorem 3.1 still holds is the following:
when the true state is chosen by some players, then most of the dollar is equally
shared between them, but a tiny part of the dollar is equally shared between
the other players.

Another natural extension is to let the play go on for a few stages, instead
of just one, so that the game ends either after a fixed number of stages or when
the true state of the world is chosen by some player.

We may also think of games where not only one action is good (pays a
dollar), but several actions are (or maybe some actions even pay something

8A nice and simple solution of the puzzle goes as follows. Index the set of colors by numbers
between zero and n− 1. Agent i chooses a color (an index) such that the sum of colors of all
agents is i (mod n). Thus, whatever the sum in the true state is, exactly one agent guesses
correctly.
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between zero and one). This is not a straightforward extension of the model,
though. To model this, we need to enrich the information structure, while
keeping the set of actions fixed. Apropos, even with just a single good action,
one may consider lots of ways to enrich the information structure.

Finally, differentiation games are governed by the principle of “separating
successes.” The opposite, then, would be games in which successes should be
united: the dollar is retrieved only when every player chooses the true state. An
in-between case is where the dollar is retrieved when a majority, or some other
quota, of the players choose the true state.

5 Proofs

5.1 Proof of Theorem 3.1

For a pure strategy profile σ = (σ1, . . . .σn) and a state ω, let cσ(ω) denote the
number of players that choose ω under σ, i.e., players i such that σi(Pi(ω)) = ω.
The “imbalance” of σ is defined by

I(σ) =
∑
{ω1,ω2}

|cσ(ω1)− cσ(ω2)|

summing over all (unordered) pairs of states in Ω.
Let σ be a pure strategy profile. If σ is not an equilibrium, then there is a

profitable deviation; i.e., there is a player i and a cell π ∈ Πi such that switching
from choosing ω = σi(π) to choosing some other state θ within π is profitable for
i. Denote the new strategy profile, after this switch, by τ . Since the deviation
is profitable, it must consist of switching from a crowded state to a less crowded
one, i.e., cτ (θ) < cσ(ω). Hence, cτ (θ) ≤ cτ (ω) = cσ(ω)− 1. Overall, we get

cσ(θ) + 1 = cτ (θ) ≤ cτ (ω) = cσ(ω)− 1.

We claim that I(τ) < I(σ). First, switching from σ to τ strictly decreases
|c(ω)− c(θ)|. Second, for any state ρ 6= ω, θ, switching does not affect c(ρ),
and:
(i) If c(ρ) ≤ cσ(θ) then switching increases |c(θ)− c(ρ)| by 1, but decreases
|c(ω)− c(ρ)| by 1.
(ii) Similarly, if c(ρ) ≥ cσ(ω), the first term is decreased by 1, and the second
term is increased by 1.
(iii) Otherwise cσ(θ) < c(ρ) < cσ(ω), and switching decreases both terms.

Of course, ω is still chosen by some players under τ (namely, cτ (ω) ≥ 1).
Therefore, switching from σ to τ does not decrease the social payoff. To sum
up: we start with a profile σ, and if σ is not an equilibrium, we get a new profile
τ while strictly decreasing the imbalance I, and without decreasing the social
payoff.

Now, let σ0 be some pure strategy profile that yields the socially optimal
payoff. Starting with σ0, we apply the above operation iteratively. Since I is
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integer-valued and nonnegative, this procedure has to stop after a finite number
of steps, yielding a strategy profile σ∗. Then, σ∗ must be an equilibrium, and
as the social payoff did not decrease during the procedure, σ∗ yields the socially
optimal payoff.

5.2 Proof of Theorem 3.3

For a subset of states Θ ⊆ Ω, denote all cells9 that intersect with Θ by ϕ(Θ) =⋃n
i=1 {π ∈ Πi : π ∩Θ 6= ∅}.

Lemma 5.1. Let
d = max

Θ⊆Ω
(|Θ| − |ϕ(Θ)|) .

The socially optimal payoff equals 1− d/ |Ω|.

We note that while Lemma 5.1 is an exact characterization of the socially
optimal payoff, it is not in itself the kind of result we are looking for, as it
requires going over many subsets.

Proof. Note that d is nonnegative since ϕ(∅) = ∅. First, we see that the social
payoff cannot exceed 1 − d/ |Ω|. Let Θ ⊆ Ω be a subset that achieves the
maximum, i.e., |Θ| − |ϕ(Θ)| = d. For any strategy profile there are at least
d states of Θ not chosen within any cell of any player, since there are only
|ϕ(Θ)| = |Θ| − d cells that intersect with Θ. Therefore, the social payoff is at
most 1− d/ |Ω|.

To see that a social payoff of 1 − d/ |Ω| can be achieved, we define an aux-
iliary game g∗ by adding d new players whose information is trivial (each has
a partition that consists of a single cell) to the original game g0. For the game
g∗, define a bipartite graph (Ω, ϕg∗(Ω);E) as follows. One side of the graph is
the states Ω, and the other side is ϕg∗(Ω), which is simply all cells of all players⋃n+d
i=1 Πi. The edges between the two sides are E = {(ω, π) : ω ∈ π}; i.e., a state

ω ∈ Ω is connected to a cell iff the cell contains it.
For a bipartite graph (V1, V2;E) and a subset S ⊆ V1, let Γ(S) denote the

set of all neighbors of the nodes in S, namely, every v2 ∈ V2 for which there
exists v1 ∈ S such that (v1, v2) ∈ E. Note that in our graph, for any Θ ⊆ Ω,
Γ(Θ) = ϕg∗(Θ).

The classic Hall’s theorem (see, e.g., Bollobás, 2012, p. 54) says that a
bipartite graph (V1, V2;E) contains a complete matching from V1 to V2 (a one-
to-one matching between any v1 ∈ V1 and some neighbor of v1) iff for any
S ⊆ V1, |Γ(S)| ≥ |S|.

In our graph, for any subset Θ ⊆ Ω, ϕg∗(Θ) is the union of ϕg0(Θ) with
the cells of players n + 1, . . . , n + d, since any of these players has a single cell
containing all states. Hence, |ϕg∗(Θ)| = |ϕg0(Θ)| + d ≥ (|Θ| − d) + d = |Θ|.

9 If the exact same cell appears in the partitions of two different players, these are considered
as two distinct cells. Strictly speaking, within a collection of cells of more than one player,
we can think of a cell as a pair (i, π), where i is the player to whom the cell belongs and π is
the actual cell.
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Therefore, there is a complete matching, which amounts to a set Ψ of |Ω| many
cells and a choice of a distinct ω within any cell in Ψ.

We construct a profile of strategies σ∗ (in the game g∗), namely, a choice
within every cell, by this complete matching combined with an arbitrary choice
within any cell that is not in Ψ, if there is any. Under σ∗, any state in Ω is
chosen at least once. Denote the projection of σ∗ on the original game g0 (i.e.,
simply omitting the extra players n + 1, . . . , n + d) by σ0. Since every extra
player made only one choice, the number of states not chosen under σ0 is at
most d. Therefore, σ0 yields at least a social payoff of 1− d/ |Ω|.

Proceeding to the proof of Theorem 3.3, we claim that for any Θ ⊆ Ω,

|ϕ(Θ)| ≥
∑
ω∈Θ

v(ω).

By definition,
∑
ω∈Θ v(ω) =

∑
ω∈Θ

∑n
i=1 1/ |Pi(ω)|. Similarly to the proof of

Observation 3.5, any cell π ∈ ϕ(Θ) of any player i appears |π ∩Θ| times in
this sum, one time for each state within π ∩ Θ (i.e., each state ω ∈ Θ such
that Pi(ω) = π). Each of these times the cell contributes 1/ |π| to the sum.
Therefore, π’s total contribution is at most one; hence this sum is at most the
number of cells |ϕ(Θ)|.

Therefore,

|Θ| − |ϕ(Θ)| ≤ |Θ| −
∑
ω∈Θ

v(ω)

≤ |Θ| −
∑
ω∈Θ

min {v(ω), 1} =
∑
ω∈Θ

(1−min {v(ω), 1})

≤
∑
ω∈Ω

(1−min {v(ω), 1}) (since all summands are nonnegative)

= |Ω| −
∑
ω∈Ω

min {v(ω), 1} .

Thus, the number d of Lemma 5.1 is at most |Ω| −
∑
ω∈Ω min {v(ω), 1}. By

the lemma, the socially optimal payoff is at least

1−

(
|Ω| −

∑
ω∈Ω

min {v(ω), 1}

)
/ |Ω| =

∑
ω∈Ω

min {v(ω), 1} / |Ω| .

5.3 Proof of Proposition 3.12

Let M = {i ∈ N : |Πi| ≥ 2} be the set of players whose partition is not trivial,
and denotem = |M |. For any player i ∈ N , ω ∈ Ω, and any tuple of cells (πj)j 6=i,
the profile of n cells (Pi(ω), (πj)j 6=i) has a nonempty intersection. Therefore,
Pi(ω) contains at least

∏
j∈N\{i} |Πj | such intersection points, and∏

j∈N\{i}

|Πj | =
∏

j∈M\{i}

|Πj | ≥ 2m−1.
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Hence, |Pi(ω)| ≥ 2m−1.
Now consider a smaller, auxiliary game created by omitting all players in

N \M , leaving only members of M to play. We claim that the smaller game is
collision-free.

If m = 0 then this claim is empty. If m ≥ 1 then for any ω ∈ Ω, the visibility
of ω in the smaller game is∑

i∈M
1/ |Pi(ω)| ≤ m · 1

2m−1
≤ 1.

Therefore, by Corollary 3.4(ii), the game is collision-free.
Let σ′ be a collision-free strategy profile in the smaller game. Under σ′,∑
i∈M |Πi| distinct states are chosen. Going back to the original game, we

define a strategy profile σ by complementing σ′ with strategies of the members
of N \M as follows. We let them choose, one by one (within their single cell,
namely, the whole Ω), some arbitrary state that has not already been chosen,
as long as there is one.

If
∑n
i=1 |Πi| ≤ |Ω| then this procedure continues until all members of N \M

have chosen. We end up with a strategy profile σ that is collision-free; hence the
socially optimal payoff is

∑n
i=1 |Πi| / |Ω|. If

∑n
i=1 |Πi| > |Ω| then the procedure

cannot be completed, as at some stage all the states will already have been
chosen before all the players have been able to choose. Let the remaining players
choose arbitrarily. We end up with a strategy profile σ under which all states
are chosen; hence the socially optimal payoff is one.
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